Abstract-This paper will derive an explicit cooperative guidance law that will steer a salvo of missiles in such a way that they all arrive at a target or targets simultaneously. It is shown that, by sharing missile state information, each missile can achieve cooperation while minimizing the control required. Optimal and cooperative control methods are used to derive the cooperative guidance law as well as a consensus time-to-go estimate to achieve this. For cooperative guidance to work, each missile needs to only communicate with some of the neighboring missile intermittently. Issues such as varying communication topologies are inherently accounted for in this proposed design. Therefore the salvo remains robust to communication losses and/or changing communication topologies. Simulation results are given to demonstrate the effectiveness of this guidance law and its robustness to varying communication topologies.
I. INTRODUCTION
A cooperative guidance law is a steering law for either UAVs or missiles which communicate information with each other and work cooperatively to accomplish some predefined objective. Therefore the cooperative guidance law depends upon and adapts itself with respect to the communication topology among the vehicles/munitions. This paper presents the derivation of a cooperative guidance law to steer a salvo of missiles or munitions in such a way so that they arrive at the target simultaneously, while at the same time minimizing a given cost function. This capability would be of great interest to the military for the following reasons:
1) Have the potential to overwhelm enemy defenses by coordinating a saturation attack; 2) Eliminate the ability of the enemy to warn and/or communicate with each other if multiple targets were simultaneously attacked; 3) Allows for the use of smaller and less expensive munitions, while lethality can be controlled by increasing or decreasing the number munitions used. This type of cooperative guidance is not the same as timeof-flight control in which a missile arrives at the target at a given time of flight. Common guidance laws, such as proportional navigation (Pro-Nav) [5] and pursuit guidance, attempt to zero the miss distance to hit the target regardless of impact angle. Other guidance laws such as the explicit guidance law [6] and the GENEX guidance law [7] , attempt to both zero the miss distance and hit the target at a desired impact angle. The guidance law derived here will attempt to achieve two separate objectives: The first is to zero the miss distance to hit the target and the second is to shape the trajectories to arrive at the same time for all the other missiles involved. This paper derives a cooperative guidance law which that meets these requirements and can be easily implemented in real-time software. The cooperative guidance law derived in this paper has the ability of adapting to varying communication topologies and is therefore robust to communication drop outs. The problem of arriving at the target simultaneously has previously been looked at [10] [11] [12] , but not from the cooperative control point of view. Issues with the existing laws are identified by Wu et al in [14] . The available results in the literature addresses this problem by attempting to control the time of arrival. This paper addresses the problem of considering multiple missile and coordinating their time of arrival at a specified target or targets.
Section 2 of this paper provides the problem statement and establishes three requirements that an optimal cooperative guidance law must meet. It will also present the relative equations of motion as well as the cost function that the derivation will be based upon. Section 3 steps through the derivation, using optimal control theory, of cooperative guidance. Similarities between the optimal cooperative guidance and the single missile Pro-Nav guidance law are highlighted. In order for cooperation to occur between the missiles, their states must be shared to compute a consensus time-to-go estimate for the salvo. This cooperative time to go estimate is derived in section 4 of this paper. Section 5 presents the simulation and testing results. The conclusions are drawn in section 6.
II. STATEMENT OF PROBLEM
Consider the general case that N missiles are launched from different sites and commanded to hit the same target (or a set of prescribed targets) at the same time. For the i th missile, its equation of motion is given bẏ
where r i ∈ 3 is the displacement to its target, ν i is the relative velocity with respect to the target,
and µ i is the guidance input to be designed. The main objective of this paper is to provide an analytical design of optimal cooperative guidance law that enables missiles' guidance units to take advantage of any available information and to collaboratively adjust their optimal trajectories and time-to-go estimation. The need arises from the fact that the guidance law should be robust with respect to the following cases and their switches: 1) Every missile guides itself to the target with only information about itself (for which the Pro-Nav is derived [5] 
. . .
where s ij (t) is defined as
The communication topology matrix is a binary matrix whose elements represent the communication links for a salvo of missiles. This matrix may be time varying and can change throughout the course of the mission and, since the status of communication links cannot be known apriori, a successful design must be of closed form. Optimal control theory [1] , [2] , [4] and cooperative control theory [3] can readily be applied to derive an optimal guidance law if an appropriate performance index is defined to be consistent with any information topology and yield a corresponding structured control. The specific choice of cost function J i for the i th missile is
Where t f is the time of impact of the target, W r ∈
3×3
and W v ∈ 3×3 are the weighting matrices on the relative position and relative velocity respectively. The R ∈ 3N ×3N is defined as R = 11
T where 1 is a column vector of ones. The time or target(s) impact is never known exactly but is estimated through the consensus time-to-go estimate. The above performance index is chosen according to topology matrix S in (2) and for meeting the objective that all missiles in the salvo must hit the target simultaneously. Specifically, the penalty is applied to minimize both the relative position and relative velocity at some final time which is yet unknown be to be determined. Whenever s ij = 1, the corresponding penalty is available and hence the corresponding penalty incorporated into performance index J i . If s ij = 0, the corresponding final state differences cannot be calculated and hence excluded from J i (and, if otherwise, the resulting guidance would not conform with the information structure). It is worth noting that any specific set of impact angles or other formation-related constraints can easily be incorporated into (3) through simple coordination transformations, which is the subject of action.
III. OPTIMAL COOPERATIVE GUIDANCE LAW
In this section, the optimal cooperative guidance law together with a cooperative time-to-go estimate is presented and then proven. The main result of this paper is stated as the following theorem.
Theorem 3.1: Consider N missiles whose differential equations of relative motion with respect to the target are given by (1) . Then, under performance index (3) and given instantaneous matrix S (t) in (2), and applying the limits W r → ∞ and W v → 0, the optimal cooperative guidance law solution is:
and cooperative estimation of time to go estimate is given bŷ
A. Derivation of Cooperative Pro-Nav Guidance
The performance index given in (3) is used to derive the cooperative guidance law using the Euler-Lagrange optimal control approach. It addresses all three of the aforementioned cases as well as addresses the issue of varying communication topology. The first step is to define a Hamiltonian function. The following Hamiltonian function is derived based on the performance index (3).
The terminal cost function is also taken from the performance index in (3). It is defined by looking at the terminal states used by the cost function. This terminal cost function is minimized to achieve the desired terminal state conditions, and it is given as
The optimal control is derived by taking the partial derivative of the Hamiltonian function with respect to the control vector and setting this to zero. The control vector is then solved for and this becomes the optimal control law. This optimal control law is given as
The costate equations of motion and the costate terminal conditions are derived from the Hamiltonian function and from the terminal cost function respectively. The vector costate equations of motion are given bẏ
. The costate terminal condition is given by eq (10). These equations are given as
Coupling between the different missile systems appears in the terminal costate conditions (10) . Since the terminal conditions are linear with respect to the states, an assumption is made that λ i = P i x i . By substituting this assumption back into the optimal control law equation (4), the optimal control law becomes
Using (11), the differential matrix Ricatti equation is derived for the i th missile and is given aṡ
The Ricatti equation for the i th vehicle appears to be completely uncoupled, but coupling between missiles exists due the boundary conditions. The boundary conditions are highly coupled and depend on the communication topology as shown in (10) . The control law must be solved for simultaneously for all missiles such that the initial missile conditions and the costate terminal conditions are satisfied. Therefore the optimal control problem is solved for the 3N th order system, where N can be any number of missiles. To this end, the overall system state space matrices are defined as
Using the system state space matrices, the system differential matrix Ricatti equation becomes
. Converting the costate boundary conditions to boundary conditions for the differential matrix Ricatti equation, we get the following terminal condition
Where L is the Laplacian given by
Definition 1: The Kronecker product is defined as
Where M = [m ij ] and W is the weighting matrix on the terminal conditions. The W matrix consist of two different submatrices:
The position submatrix W r weights the relative position terminal condition. The velocity submatrix W v weights the relative position terminal condition.
Recall that the control weighting matrix is R = 11 T . The solution to this system differential Ricatti equation P (t) is used for both within the optimal guidance command given in (4) as well as in the derivation of the cooperative time-to-go equation (5) . This vector of guidance commands is for each of the missiles in the salvo is
Definition 2: The following matrices will be used in the solution.
After applying the limits W r → ∞ and W v → 0, the solution to the system level differential Ricatti equation becomes:P
The final guidance law becomes:
After simplification, the guidance command for the i th missile becomes:
This cooperative guidance law is a cooperative form of the famous Proportional Navigation Guidance law. It has an optimal gain of 3 and is proportional to the zero effort miss between target and the i th interceptor. This guidance law differs in that in addition of zeroing out the line of sight rate to the target, it also zeroes out the line of sight rates to the other missiles in the salvo group. In order for this guidance law to be effective, the salvo must all use the same time to go estimate. Therefore the individual time to go estimates must converge to an overall time to go estimate.
IV. TIME TO GO DERIVATION
In order for this cooperative guidance law to work, a cooperative time-to-go estimate must be derived for the i th missile such that all the individual time-to-go estimates in the salvo converge to a system estimate of time-to-go. In what follows, such time-to-go estimates are derived from the solution to the Ricatti equation (18). The unused costates from equation (18) are set to zero. The unused costate is given below.
As stated before, the control objective is to ensure r i (t f ) = r j (t f ) = 0 so we can choose to distributively estimate t go by setting λ i1 = 0. In doing so we get the following equation.
Solving for the time-to-go variable we get the following iterative equation:
Where the first pass through the time to go calculation, time to go is computed in the standard form given by [4] and as shown below.
For the case where there is only a single missile (N = 1), the guidance law and time to go simplify to the well known Pro-Nav guidance law and time-to-go estimate
A full object oriented simulation was written to demonstrate the effectiveness of the proposed optimal cooperative guidance law. The equations of motion used for this simulation are those for a bank to turn missile and are given in [3] .
Where the variables α i , φ i , and T i are the three control variables used to steer each missile. Linear aerodynamics is assumed, and the aero equations are chosen to be:
To demonstrate the validity of this cooperative guidance law, the thrust, alpha, mass, and drag are assumed to be known to the vehicle. In order to calculate the controls needed to follow the acceleration commands issued by the cooperative guidance law. The acceleration commands are provided by (4) and the control system maps the acceleration commands to α, φ, and T , which are the control variables. The control laws are given by
The thrust is limited to be within a range of between T max and T min (±3g s) to simulate a real propulsion system. The angle of attack α i and roll angle φ i are also limited to ±20 deg and ±60 deg respectively. To test the robustness of this guidance law, the initial missile conditions were setup such that all the missiles were initial facing each other. In addition, a limited communication topology is modelled between the different missiles. The initial conditions and the communication topology matrix are given below: Figure 1 below gives a 3-dimensional view of the geometry. However, the time history data cannot be extracted from this plot. Therefore the following two plots show the zero effort miss distance estimates for all the missiles as well as the time to go estimates for all missiles. Figure 2 shows that even though the miss distances begin at different values, they all converge to near zero thus indicating that all missile hit the target. The final time of all missiles appear to be the same but no conclusion can be made by looking at just the miss distance. Therefore the time to go plot is also shown.
The time to go estimate for all missiles is shown in figure  3 . Even though the time to go estimates begin with very different values, they all seem to converge to a same value and thus hit the target simultaneously.
VI. CONCLUSION
This paper derives both the optimal cooperative guidance law and the associated cooperative time to go estimate as shown in Theorem 3.1 using optimal control methods (EulerLagrange technique). The cooperative guidance law is similar to the Pro-Nav guidance law for a single missile in that it has an optimal guidance gain of 3 and is proportional to the zero effort miss of not only the target but to the miss of all missiles in the salvo as well. It is shown that the acceleration commands issued by guidance, guides N missiles in such a way that the time to go estimates of each missile converge forcing all missiles to arrive simultaneously. Robustness to changes in communication topology is inherent in this derivation. The communication topology matrix is part of the cost function and is therefore inherently part of the cooperative guidance law. This robustness to communication topology changes was verified by running simulation runs with a different communication topology matrices. With different communication topologies, the time to go estimates for all missiles converged and all missiles hit the target at the same time thus showing robustness. The cooperative guidance law and cooperative time to go estimate derived in this paper provides an explicit method to implement cooperative guidance on a salvo missile to coordinate their time of arrival onto the target.
